In the fields of fluid dynamics and mechanical engineering, most nanofluids are generally not linear in character, and the fractional order model is the most suitable model for representing such phenomena rather than other traditional approaches. The forced convection fractional order boundary layer flow comprising single-wall carbon nanotubes (SWCNTs) and multiple-wall carbon nanotubes (MWCNTs) with variable wall temperatures passing over a needle was examined. The numerical solutions for the similarity equations were obtained for the integer and fractional values by applying the Adams-type predictor corrector method. A comparison of the SWCNTs and MWCNTs for the classical and fractional schemes was investigated. The classical and fractional order impact of the physical parameters such as skin fraction and Nusselt number are presented physically and numerically. It was observed that the impact of the physical parameters over the momentum and thermal boundary layers in the classical model were limited; however, while utilizing the fractional model, the impact of the parameters varied at different intervals.
Introduction
This study is concerned with the enhancement of heat transfer through nanofluid, which will play a dynamic role in the field of chemical sciences and the energy sector. The enhancement of heat transfer through nanofluid was studied by many scientists in the field of geometry under diverse conditions. Sparrow and Gregg [1] scrutinized the removal of humidity, using centrifugal force procedures on a cooled rotary disk. The energy obtaining and cooling behavior of the devices mainly depend on the heat transfer liquid used, and the lower thermal efficiency of these fluids can create harsh restrictions for device performance. The limitations and low thermal efficiency of these liquids delay the device performance and compression of heat exchangers. Choi [2] explored the idea of nanofluids by utilizing small nanosized (10-50 nm) particles in base fluids. The anticipated factors influencing the performance of nanofluids during heat transfer were: (i) thermal properties; (ii) chemical stability; (iii) compatibility with the base fluid; (iv) toxicity; (v) accessibility; and (vi) cost. Possible nanomaterials include metals, metal oxides, and carbon materials. Carbon materials play a approximation for the selected range of the parameters and obtained the minimum square residual error. The important outcomes were presented physically and numerically.
Mathematical Formulation
The axisymmetric boundary layer comprising SWCNT and MWCNT nanofluids' flow over the surface of a thin needle, including position-dependent wall temperature at the ambient temperature T ∞ was considered. The radius of the thin needle is defined as. The surface temperature, T w , of the thin needle is considered heavier than Ambient temperature T ∞ , (T w > T ∞ ). The external flow velocity of the nanofluid is considered to be u e (x). The momentum and thermal boundary layer equations were derived in the axial and radial coordinates and all the assumption are imposed as [14] :
The physical conditions satisfy [14] and are defined as:
The velocity components are represented by u, v towards the axial and radial ( x, r) directions, respectively. ρ n f is the density of the nanofluids, µ n f is the dynamic viscosity of the nanofluids such that
is the kinematic viscosity of the nanofluid, φ is the solid particle volume fraction, k n f is the thermal conductivity, and ρC p n f is the specific heat capacity of the nanofluids such that
. The thermophysical properties for the CNT nanofluids were presented and satisfy Xue [9] :
To bring the basic Equations (1)-(3) into a dimensionless form, under boundary limitations, as per Equation (4), we adopted the scaling transformations as [14] :
is the Reynolds number, L is the characteristic length of the needle, R(x) is the dimensionless radial coordinate, r is the dimensionless radius of the needle, U ∞ is the characteristic velocity, ∆T is the characteristic temperature, and x is the dimensionless axial coordinate. Bringing Equation (6) into the basic Equations (1)- (4) cuts into the following non-linear differential form as:
∂ru ∂x
The suitable boundary conditions are:
Next, the similarity variables are:
Here, u e (x) is the dimensionless velocity of the external flow, ψ is used to demonstrate the stream function and satisfy the continuity Equation ( , along the surface. Using Equation (11) in the basic Equations (7)- (10), the continuity equation is satisfied characteristically, and the rest of the equations are transformed as:
The skin friction coefficient and the local Nusselt number satisfy [14] :
Here,
, is the local Reynolds number.
Preliminaries on the Caputo Fractional Derivatives
The useful definition of Caputo fractional order derivatives and their properties are presented below. Definition 1. Let a > 0, t > a; a, α, t ∈ . The Caputo fractional derivative of order α of the function f ∈ C n is given by:
exist almost everywhere, and let
} exists almost everywhere and
Property 2. The function f (t) ≡ c is constant and therefore, the fractional derivative is zero: C a D α t c = 0. The general description of the fractional differential equation was assumed including the Caputo concept:
With the initial conditions x 0 = x(t 0 ).
Solution Methodology
The following variables were selected for the momentum and thermal boundary layer (12, 13) to reduce the system into the first order differential equations as:
The Caputo fractional order derivative applied to the first order ODE system was obtained from (12, 13) with the efforts of the proposed variables given in Equation (19) .
The fractional order system was obtained from Reference [32] :
Equation (20) represents a matrix system of fractional order equations of an initial value problem. Considering (α = 1), we have an integer order model or a classical model.
Results and Discussion
The two-dimensional forced conventional boundary layer SWCNT/MWCNT nanofluid flow for the enhancement of heat transmission over a thin needle was examined. A comparison of the influence of the physical constraints was studied for the integer and fractional order values
The fractional order system was solved numerically through the Adams-type predictor corrector method.
The geometry of the problem is displayed in Figure 1 . The influence of the constant m versus velocity field f (η) is shown in Figures 2 and 3 , for the classical and fractional order values, respectively. The larger values of the parameter m cause lower velocity. Physically, the rising values of m enhance the non-linearity to generate a friction force to decline the radial velocity. This decline is comparatively fast in the fractional order scheme. Due to the high thermophysical properties, the decline effect is comparatively rapid using the SWCNTs. The impact of φ over the f (η) for the integer and fractional order values is displayed in Figures 4 and 5 , respectively. The larger value of φ causes a decrease in the velocity, and this effect is clearly larger when using the SWCNTs when compared to the MWCNTs. In fact, the larger amount of φ enhances the efficiency of the frictional force, and as a result, the viscous forces become strong enough to stop the fluid motion. Again, the decline effect is stronger using the fractional values. Figures 6 and 7 indicate the influence of the various values of the nanoparticle volume fraction versus the temperature field. The larger value of φ raises the temperature profile, and this effect is comparatively strong by means of the SWCNTs. In fact, the thermal conductivity of SWCNTs is high and provides rapid thermal efficiency to enhance the temperature field.
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The physical conditions satisfy [14] and are defined as: The impact of the wall temperature profile parameter n over the Θ(η) for the integer and fractional values are shown in Figures 8 and 9 , respectively. The smaller values of n are enhancing the cooling effect, and as a result, the temperature field declines for the integer values and this effect is reversed for the fractional order values. The performance of the parameter n decreases the temperature field near the surface of the needle for the fractional values α = 1, 0.95, 0.90, and this effect changes to increase the temperature profile after the critical point, as shown in Figure 9 . The impact of the Prandtl number Pr over the temperature profile Θ(η) for the integer and fractional values is displayed in Figures 10 and 11 The thermophysical properties of the base fluid and SWCNTs/MWCNTs are shown in Table 1 . Skin friction and the Nusselt number are the physical parameters of interest under the influence of classical and fractional values. The classical and fractional model outputs for the skin friction and Nusselt number are displayed in Tables 2 and 3 , respectively. Both tables specify the decline in the numerical values using the fractional order model. The two types of CNTs were compared in these tables for the fractional order values, and it was observed that the impact of the SWCNTs and MWCNTs varies using the fractional model, which is completely different from the classical model, where identical outputs occur in all cases. 
Conclusions
The SWCNT and MWCNT water-based nanofluids' flow over a thin needle was analyzed for the enhancement of temperature. Classical and fractional models were used to investigate the impact of the physical parameters and for similar values for the boundary conditions. The non-linear system was solved through the FDE-12 method. The classical and fractional results were obtained for α = 1, and α = 0.95, 0.90, respectively. The impact of the physical parameters over the velocity and temperature profiles in the classical model were limited, but utilizing the fractional model, the impact of the parameters varied for different intervals. It was observed that the fractional order model specifies the accuracy of the physical parameters more precisely considering the small interval of the derivative between 0 and 1, which have important applications, such as for a fractional order PID controller which may provide a more effective way to improve the system control routine; similarly, non-Fickian transport and anomalous diffusion in porous media, polymer flows, or very high gradients of concentration or heat are important application areas of the fractional order derivative in the field of engineering.
The main findings of this study are:
• Greater values of Pr cause decreases in the thickness of the thermal boundary layer when using the classical model, but by means of the fractional model for the same values of the Prandtl number, the thermal boundary layer near the needle surface increases and decreases after the critical point.
•
Lower values of n lead to a decrease in the temperature profile using the classical model values, and this effect is upturned for the fractional order values α = 0.95, 0.90 near the wall and change to an upsurge in the thermal boundary layer after the point of inflection. Funding: This research received no external funding.
